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SUMMARY
Over the past two decades, there has been a substantial increase in research conducted
on energy harvesting techniques. With the developments in low-power electronic devices
and sensors, such as wearable electronics and wireless sensors used in structural health
monitoring, energy harvesting is expected to become a viable solution to overcome the
need for battery replacement or recharging as well as relevant maintenance efforts. Among
the different methods of energy harvesting, vibrational energy is readily available in various
forms spanning from human motion to seismic activities. This thesis explores an interesting
opportunity to research multifunctional vibrational energy harvesting (VEH). In most ap-
plications, vibrations are unwanted and may result in damage or failure of structures. This
opens up a pathway to research into VEH techniques which simultaneously can harness
useful energy and attenuate these harmful vibrations. Locally resonant LR metastructures
are metamaterial-based finite structures with engineered properties that exhibit local res-
onance. Bandgap formation is a dynamic property exhibited by these LR metastructures
where, for a range of frequencies, wave propagation is forbidden (and this bandgap can be
tuned for wavelengths larger than the lattice size). This thesis discusses multifunctionality
of these structures for concurrent vibration mitigation and low-power energy harvesting.
Specifically, the work detailed in this thesis focuses on piezoelectric energy harvesting
utilizing the inherent property of piezoelectric elements for converting mechanical strain
into electrical energy. Electromechanical models are developed and analyzed numerically
for various LR vibrating structures including linear and non-linear cantilever beams. LR
metastructures made from (1) linear mechanical resonators with piezoelectric elements,
(2) linear electromechanical (piezoelectric) resonators with resistive inductive shunts, and
(3) bistable attachments with piezoelectric elements are explored both experimentally and




1.1 Vibrational Energy Harvesting
Energy harvesting (or scavenging) is the process whereby energy is obtained from various
sources, and stored in a use-able form to be employed for a variety of applications. Some
of these sources include but are not limited to mechanical, solar, thermal, etc. which are
utilized using respective transducers such as photovoltaics [1–4], thermoelectrics [5–7]
or electromechanical transducers [8–11]. The limited life-time and periodic recharging
requirement has been a persistent issue in portable low-powered devices. A solution would
be to transition towards something which could serve as an alternative to conventional
power sources. Researchers have been working to solve this dilemma ever more efficiently
especially in the past two decades. Among the sources of energy harvesting, vibrational
energy is the most beneficial since it is very common not only in the natural environment
but also due to practical operations such as in the case of rotatory machines. This can
be utilized to a greater potential once the environmental effects are decoupled from such
harvesting systems.
Vibrational energy harvesting (VEH) is a concept wherein ambient vibrational energy
is utilized to generate electricity to power small electronic components [12, 13]. This tech-
nique can replace or supplement conventional batteries, reducing the costs associated with
accessing and replacing or recharging batteries for remote sensors. A typical vibrational
energy harvesting mechanism is shown in Figure 1.1 which includes an external energy
source of ambient vibrational energy, a transducer to convert energy from external energy
to electric power, a harvesting circuit to optimize the harvesting efficiency and a storage
battery or a load circuit.
1
Figure 1.1: An energy harvesting system process [14]
1.2 Piezoelectric Energy Harvesting
The direct piezoelectric effect refers to a phenomenon which converts mechanical strain
into electricity. Piezoelectric energy harvesting (PEH) [15–17] is a technique which uses
this effect to harness vibrational energy from human motion, seismic activities, etc. and
converts it into usable voltage output. This fundamental behavior of piezoelectric materials
emerges from their constitutive property and does not require the use of an external voltage
input. Piezoelectric materials also have a high power density and they grant an ease of
application due to which they are preferred over other conventional vibration energy con-
version mechanisms such as electromagnetic [18, 19] and electrostatic [20, 21] techniques.
Adding to that, since piezoelectric energy harvesters rely on ambient vibrations which are
readily available due to operating conditions of a system, they are much more advanta-
geous than other harvesting technologies reliant upon purely unpredictable environmental
conditions.
Since most piezoelectric harvesting systems generate power on the order of micro to
milliwatts, it is an obvious choice to use them for applications involving low-power elec-
tronics like biomedical devices or portable electronics. Delving into the ease of application
as an added utility, piezoelectric harvesting devices are straightforward to manufacture in
a multitude of configurations [22–24], including micro-scale concepts and devices [25].
This is represented by Figure 1.2. As this field continues to grow, researchers have intro-
duced VEH capabilities to numerous types of vibrating structures [17, 26], such as linear
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cantilevers, bistable beams [24, 27] and plates [28], among others.
(a) (b)
(c) (d)
Figure 1.2: (a) S-shaped harvester configuration [29]. (b) Bistable piezomagnetoelastic
energy harvester [30]. (c) Energy harvester manufactured with asymmetry [31]. (d) Res-
onating cantilever beam on a buckled bridge [32].
1.3 Metamaterials and Metastructures
Metamaterials are materials that exhibit properties which are not readily found in ordinary
materials, such as a negative refractive index and negative dynamic mass, as shown in Fig-
ure 1.3. Metamaterial-based finite structures with specified boundary conditions are called
metastructures, and they retain the desired metamaterial phenomena in a finite structural
setting. Locally resonant (LR) metastructures exhibit unit cell resonance as a result of the
composite inclusions of the material they are made of [33]. This local resonance results in
a long wavelength bandgap formation (a bandgap is a range of frequencies where a wave
3
cannot propagate). LR metastructures [26, 34] enable the ability to form a bandgap at
wavelengths much larger than the lattice size as opposed to bandgaps obtained via Bragg
scattering. Therefore, LR bandgap is essential for vibration attenuation and respective ap-
plications at low frequencies.
1.4 Vibration Attenuation
So far only the benefits of vibrations have been discussed in the context of energy harvest-
ing. Vibrational energy can be harmful as well if not contained in some way. It is a natural
physical phenomenon which can be disastrous not only for civil structures but mechanical
equipment as well. This calls for solutions that aim towards controlling and mitigating
such harmful vibrations before they cause fatigue failure [37] in structures. For this rea-
son, dynamic vibration absorbers are used which are like secondary masses attached to the
primary mass in order to absorb and dissipate vibrations from the main structure [38–40].
Conventional mechanical damping techniques for vibration attenuation make use of
added masses to act as resonators in order to absorb harmful vibrations. Orthodox means
of developing mechanical resonators bring forth complexities if structural vibration atten-
uation is to take place on structures which are flexible and light-weight. In order to tackle
this dilemma, researchers have been studying about and incorporating shunt damping as
an effective alternative to conventional means [41, 42]. Conversion of mechanical stress
to electrical signals using piezoelectricty allows for easier manipulation and autonomy in
design using all the varying methods available in the electrical domain. Examples include
passive vibration control using electromechanical shunt damping by Behrens et al. [43], or
piezoelectric shunt damping adaptive to environmental conditions. Hagood and von Flotow
[44] showed that a series resistor-inductor (RL) circuit connected across the electrodes of
a piezoelectric bimorph can be utilized to dissipate base vibrations, similar to conventional
mechanical damping. Wu and Joseph have displayed the use of a single Lead Zirconate Ti-




Figure 1.3: (a) Liu et al. shows negative density application of metastructures [33]. (b)
Structure demonstrating negative refractive index [35]. (c) Negative modulus as displayed
by Fang et al. [36].
researched upon optimization of multi-mode implemented PZT damping using synthetic
impedance circuits and controlled voltage source. Similarly, non-linear shunt damping [48,
5
49] has also been introduced for vibration isolation.
1.5 Nonlinear Vibration Attenuation and Energy Harvesting
Locally resonant metastructures make use of mechanical resonators in order to attenuate
vibrations at their respective resonant frequencies. Most research efforts, however, target
linear configurations of beams to attain the desired bandgap. This omits a whole other
world of nonlinearity where much extensive motion dynamics of the beam are involved
reaching subharmonic, superharmonic and chaotic resonance behaviors. These nonlinear
oscillators provide an advantage over their linear counterparts in allowing much wider fre-
quency bandwidth. Furthermore, the intrawell, interwell and chaotic vibrations of nonlinear
oscillator configurations extend upon the enhanced wideband behavior based on the pro-
vided input amplitudes [8, 50–53]. Nonlinear energy sinks have been researched upon to
obtain vibration attenuation. However, most of these works are either focused on utilizing
simpler linear oscillators or low degree of freedom systems in conjunction with bistable
attachments [54–58]. Focusing on metastructure based nonlinear configurations, research
extends towards Duffing-type cubic hardening nonlinear resonators by Lazarov et al. [59],
or the numerical investigation of cubic hardening effects on spring-mass system by Banr-
jee et al. [60, 61]. Casalotti et al. [62] also focused on demonstrating amplified vibration
attenuation in a nonlinear metamaterial beam. Xia et al. [63, 64] utilized both lumped and
distributed parameter models to demonstrate the enhancement of nonlinear bandgap under
various acceleration levels for a metamaterial beam with bistable attachments. However,
not much work has been done in a metamaterial type setting related to nonlinear oscillators.
Adding to the nonlinear attenuating characteristics of such bistable attachments, research
is still undergoing to attain simultaneous benefits as with linear metatructures. Sandra et al.
[65] displayed the vibrational energy harvesting characteristics from impulsive excitations
of bistable attachments; Patrick et al. [66] showed the effect of VEH behavior using nonlin-
earity in auxiliary bistable harvesting modules; Romeo et al. [67] studied the low-energy
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transfer behavior in nonlinear bistable systems. Similarly, Harne et al. [68] has studied
the superharmonic dynamics of bistable energy harvesters using linear oscillators. The
potential of nonlinear bistable attachments under the light of aforementioned studies can
greatly be realized using transient dynamics for vibration attenuation in conjunction with
harnessing useful power. Hence, such characteristics of nonlinear resonators can be used
to develop oscillators targeting the desired frequency range for both vibration attenuation
and simultaneous power generation.
1.6 Thesis Outline
This thesis explores piezoelectric energy harvesting in multifunctional electromechanical
metastructures. Chapter 2 numerically and experimentally investigates piezoelectric en-
ergy harvesting on a locally resonant mechanical linear metamaterial beam for concurrent
power generation and bandgap formation. The first part of the chapter reviews the gov-
erning equations [69] for the locally resonant energy harvesting metastructure along with
the corresponding numerical results and experimental setup. The latter part expands the
experimental results incorporating parameter identification for a single resonator and ex-
tending it to the complete metastructure with 9 pairs of cantilever-type piezoelectric energy
harvesters. Chapter 3 focuses on the same characteristics in electromechanical metastruc-
tures. In comparison to mechanical structures, this chapter focuses on using electromechan-
ical resonators which help in creating a bandgap at the desired frequency without making
additional changes such as varying the resonator mass. Furthermore, it shows how resis-
tance loading affects this bandgap and correspondingly, how useful power can be harnessed
alongside the desired vibration reduction. The initial part of the chapter starts with review-
ing a framework of governing equations using a distributed parameter model and applica-
tion of modal analysis to understand the performance of such finite-sized structures. Then
it extends on the theoretical work of Sugino et al. [69] and establishes numerical and ex-
perimental results for simultaneous bandgap formation and VEH capabilities of the locally
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resonant electromechanical metastructure. Chapter 4 transitions from linear to nonlinear
(bistable) attachments and elaborates on its attenuation and harvesting capabilities. It de-
tails on utilizing the chaotic nonlinear behavior of bistable attachments under various base
excitation amplitudes for a wider bandwidth. Subsequently, it builds up on the recent work
of Xia et al. [63] and starts with a modal analysis approach. Then it proceeds towards
describing the experimental setup and results of up and down frequency sweeps. Finally,




LINEAR MECHANICAL LOCALLY RESONANT PIEZOELECTRIC ENERGY
HARVESTING METASTRUCTURE
Completely mechanical metastructures are categorized as those which utilize mechanical
resonators as vibration absorbers. These tend to add mass to the structure which define the
respective bandgap for the mechanical case. These help in both low-frequency vibration
mitigation and low-power VEH capabilities. This chapter deals with such a mechanical
metastructure beam.
2.1 Locally Resonant Energy Harvesting Metastructure
2.1.1 Mechanical Model
We consider a locally resonant metastructure with attached piezoelectric energy harvesters,
shown schematically in Figure 2.1. Following the analysis of Sugino and Erturk [26], we












(kjuj(t) + cju̇j(t))δ(P− Pj) = f(P, t) (2.1)
Here L is the stiffness operator of order 2p where p ≥ 1 defining the order of the system
[70, 71], w(P, t) is the displacement of point P at time t where P∈D, m(P) is the mass
distribution at P, S is the number of resonators, δ(P) is the Dirac delta function and f(P, t)
9
is the external forcing. The corresponding resonator equations are as follows:
mjüj + cju̇j + kjuj − θjvj = −mjẅ(Pj, t) (2.2)
Cp,j v̇j + Yj[vj] + θju̇j = 0 (2.3)
where kj , cj , mj , mp,j , uj and Pj are the stiffness, mechanical damping coefficient, mass,
mass of clamping hardware, displacement and position of the jth resonator respectively. θj ,
Cp,j and Yj are the electromechanical coupling, piezoelectric capacitance and admittance











𝑗 = 1 𝑗 = 𝑆
(b)
Figure 2.1: (a) Locally resonant energy harvesting metastructure with cantilever beams
containing mechanical resonators and piezoelectric patches. (b) Schematic representation
of the energy harvesting metastructure.
Using a modal expansion procedure for the structure mode shapes without the res-





where N is the number of modes, φr is the rth mode shape and ηr is the corresponding
10
modal weighing. These mode shapes satisfy the orthogonality conditions given by:
∫
D
m(P)φr(P)φs(P)dD = δrs (2.5)
∫
D
φr(P)L[φs(P)]dD = ω2rδrs (2.6)
Here, ωr is the natural frequency of the plain structure at the rth mode shape. Substi-
tuting Equation 2.4 into Equation 2.1, multiplying by mode shape φk, integrating across















(kjuj + cju̇j)φr(Pj) = qr, (2.7)





Now, substituting Equation 2.4 into Equation 2.2 and Equation 2.3 gives the discretized
equations for the resonators:




Cp,j v̇j + Yj[vj] + θju̇j = 0 (2.10)
Taking the Laplace transform of Equation 2.7, Equation 2.9, and Equation 2.10, and rear-
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) = Qr(s) (2.11)




is the short-circuit resonant frequency and ζ = cj
2ωtmj
is the damping
ratio. Furthermore, h(s) = Yj(s)
Cp,j
is the admittance of the shunt harvesting circuit (Yj(s) is
the Laplace transform of Yj), and γ =
θ2j
kjCp,j
is the dimensionless coupling term with the
assumption that it is identical for each resonator.
Introducing the dimensionless parameter µ defined as the ratio of total resonator masses
to the mass of the plain structure, the resonator masses mj can be obtained by setting them
proportional to the distributed mass at the specified resonator locations m(P). Thus:
mj = µm(Pj)∆Dj (2.12)
where ∆Dj is a portion of the domain D around the jth resonator. With these simplifica-
tions, we obtain the following equation for a finite number of resonators:
(s2 + 2ζrωrs+ ωr
2)Hr(s) +
s2
mj (2ζωts+ ω2t )











φr(Pj)φk(Pj) = Qr(s) (2.13)
Equation 2.13 is then utilized in the next section to obtain numerical results for the locally
resonant bandgap and useful power output corresponding to the model in Figure 2.1.
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2.2 Numerical Results
For the numerical simulations, we consider an aluminum beam with 20 harvesters (S) at
a target frequency ratio ωt
ω1
= 75. It is clamped at one end (x = 0) and vibrates freely at
the other end (x = L). It has a width of w, a thickness of h and a length L. The beam has
a mass density of ρ and a Young’s modulus of E. It has a mass per length of mb with S
resonators attached to it.
We consider purely resistive shunt circuits to quantify the power output of the energy
harvesters, corresponding to normalized shunt admittance h(iω) = 1
τ
, where τ = RCp,j
is the circuit time constant and R is the load resistance. At each frequency of excitation,
the optimal load τopt that gives the maximum power output from the full metastructure is
obtained. Figure 2.2 shows the total optimal real power output of the mechanical metas-
tucture versus normalized load and frequency with finite (20) harvesters. It is clear from
the figure that the maximum broadband power output occurs near the resonant frequency
which in this case is ωt
ω1
= 75, immediately before the resonant bandgap. The dashed line
here shows optimal loading at each excitation frequency.
For the same model, the power outputs for individual harvesters at the optimal load for
the full metastructure were plotted to identify the harvesters which output the maximum
power. As expected, Figure 2.3 shows how the harvesters near the excited base yield the
maximum power. Only the first 9 harvesters have been shown here since a trend can be
observed that at the specified target frequency, power output from the harvesters decreases
as we move from the first harvester to the twentieth, which makes it redundant to show the
remaining 11 harvesters as well.
The effect of optimal power as we move along the beam from the first harvester towards
the last one, 20th in this case, can be seen in Figure 2.4a. After the first 10 harvesters, the
trend in power output is more or less arbitrary since it becomes very minimal and hence
negligible. This is plotted for constant normalized target frequency ratios of 25, 50, 75 and
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Figure 2.2: Optimal total power of the mechanical metastucture versus time constant and
normalized frequency.
Figure 2.3: Optimal power output for the first nine harvesters at ωt
ω1
= 75.
100; all of which have the same trend in power output. Targeting lower vibration mode
neighborhood (more flexible modes) results in higher power output, however, the trend
with harvester index is similar.
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(a) (b)
Figure 2.4: (a) Optimal power versus harvester index. (b) Percentage power contribution
as a function of harvester index.
The percentage power contribution as a function of harvester index for the same 20
harvesters along the beam is plotted in Figure 2.4b. As can be observed in this figure, the
typical power distribution profile of the harvesters does not change significantly even when
a higher vibration mode neighborhood is targeted. The first two harvesters are responsible
for 65% and 22% of the total power contribution for each case of normalized frequency and
it decreases towards the last one. As previously mentioned, and can be seen in Figure 2.4b,
power contribution by harvesters after the first 10 is nearly negligible and can be omitted.
Finally, Figure 2.5 shows the tip transmissibility at the target frequency. This is at the
optimal value of τopt where vibrations can be seen to be attenuated in the bandgap.
Keeping the above-mentioned discussion in check, only 9 harvesters were used experi-
mentally in the next section as a more practical measure since not only these have a signif-
icant contribution towards the total power output by the complete metastructure but using
more than 9 harvesters crowds the main beam and hinders efficiency of the experiments.
2.3 Experimental Results
The practical system under consideration comprises a main beam with 9 cantilever attach-
ments. Each small cantilever beam comprises two identical mechanical resonators with
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Figure 2.5: Tip transmissibility at τopt for ωtω1 = 75 with 20 harvesters.
tip masses. Piezoelectric patches are placed at the base of each cantilever on both sides
of the main beam connected to electrical loads (resistances) in order to quantify the elec-
trical output from these sensors in the locally resonant bandgap neighborhood. The main
beam is excited using an electrodynamic shaker within the frequency range of 0-150 Hz
and the corresponding tip displacement is measured via a laser Doppler vibrometer (LDV)
which extracts the transmissibility frequency response. Voltage output from each piezo-
electric element is also recorded for each value of the electrical load. A resistance sweep
is performed after bandgap confirmation to obtain the optimal electrical load for maximum
power output. The experimental setup is shown in Figure 2.6.
2.3.1 Energy Harvester - Resonator Characterization













7 Data acquisition device
2
Figure 2.6: Experimental setup consisting
of the main beam with nine resonators at-
tached to electrical loads.
Figure 2.7: Single isolated resonator setup
clamped to the shaker.
Governing Equations:
A lumped parameter model is used for the isolated single resonator since the mass of the
cantilever beam is negligible compared to the resonator (tip) mass. This allows for the
assumption to be relatively accurate. Figure 2.8 shows the corresponding schematic for the
model.
The resonator governing equations with piezoelectric coupling for the single resonator
model are as follows:




v + θż = 0 (2.15)







Figure 2.8: Lumped parameter model for single resonator.
a spring, c is the mechanical damping coefficient, θ is the electromechanical coupling, v is
the voltage output obtained across the load, x is the mass displacement, y is the base dis-
placement, z is the relative displacement between the mass and the base, Cp is the effective
piezoelectric capacitance and Rl is the load resistance.
For harmonic base excitation, by letting x = Xeiωt, y = Y eiωt, z = Zeiωt and v =






















where X is the absolute response amplitude, Y is the base response amplitude and Z is the
relative response amplitude. Equation 2.16 expresses the transmissibility FRF of the model
(per base displacement) whereas Equation 2.17 defines the voltage FRF of the model (per
base displacement). For plotting, the voltage and power FRFs were normalized with respect
to base acceleration for a more conventional representation.
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Parameter Identification:
To estimate parameters for the locally resonant metastructure, a single energy harvester
was isolated from the full structure as shown in Figure 2.7. Experiments were performed
by mounting the cantilever to an electrodynamic shaker for base excitation. An accelerom-
eter was mounted to the shaker to measure input acceleration while the tip velocity of the
cantilever was measured using an LDV. The voltage output from the piezoelectric patch
(across each load resistance) was also measured during experiments.
Parameters for the lumped-element model (Equation 2.2 and Equation 2.3) were ob-
tained from the experimental FRFs. The lumped mass m was approximated as the mass of
the magnets placed on the tip of the cantilever, since the tip mass was much greater than the
cantilever mass. The mechanical damping coefficient was measured using the experimental





where fr is the resonant frequency and ∆f is the half-power bandwidth corresponding




















Using the OC resonant frequency fOC , the electromechanical coupling θ was calculated as
θ =
√
Cp(m(2πfOC)2 − k) (2.22)
where Cp is the measured capacitance of the piezoelectric unit cell attached to the spring
steel cantilever. The experimental results are shown in Figure 2.9, and the experimentally
identified parameters are shown in Table 2.1.
Experimental data was obtained for the single resonator using NI Signal Express. The
transmissibility and voltage FRFs obtained from the experiment (and then the power FRFs
were calculated) which were then plotted against the model FRFs for each load resistance
to verify that the model matches accurately with the experimentally obtained results. At
all the load resistances mentioned in Table 2.1, this can be seen in Figure 2.9. Using
experimental data obtained for the given single resonator, parameters were identified in
order to obtain model FRFs by substituting these in Equation 2.2 and Equation 2.3. A
summary of these parameter values can be seen in Table 2.1. Figure 2.9a reveals that with
increasing load resistance, frequency shift and vibration attenuation occur. This shift in
frequency appears as a transition of the system from SC (Rl → 0) to OC (Rl → ∞)
conditions. From Figure 2.9b, we can see that at exactly SC, there is no voltage output and
hence no voltage FRF can be obtained. However, it can be observed that as load resistance
moves towards higher resistance values (or towards exact OC), it converges to a maximum
value [72]. Figure 2.9c shows that the power output at each load resistance varies for a
particular frequency ranging between the fundamental SC and OC resonant frequencies.
This variation is, however, not the same for all resistances and here, the optimal loading
and respective maximum power is obtained for a load resistance of 887 kΩ (f = 77.8 Hz).
It can be observed here that the modeled voltage and power FRFs present a good match
with the experimental data and therefore, parameters estimated here are acceptable and
good to use in the complete metastructure.




Figure 2.9: (a) Transmissibility comparison at all resistances for the single harvester. (b)
Voltage output comparison at all resistances for the single harvester. (c) Power output
comparison at all resistances for the single harvester. Dashed line in the figures corresponds
to the model whereas solid line represents experimental data.
identified in order to obtain model FRFs by substituting these in Equation 2.2 and Equa-
tion 2.3. A summary of these parameter values can be seen in Table 2.1. It is to be noted
that the lowest resistance of 2.8 kΩ used here is very close to the SC conditions (Rl → 0)
whereas the highest resistance of 30 MΩ resembles the OC conditions (Rl →∞).
Figure 2.9a reveals that with increasing load resistance, frequency shift and vibration
attenuation occur. The shift in frequency appears as a transition of the system from SC to
OC conditions. The zoomed-in figure also shows the attenuated vibrations with the increase
in load resistance (e.g., 31.85 at 2.8 kΩ to 30.23 at 28 kΩ).
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Table 2.1: Estimated parameters for the single resonator.
m – resonator tip mass 0.0036 kg
c – mechanical damping coefficient 0.0525 N/m/s
k – spring steel stiffness 853.63 N/m
θ – electromechanical coupling -1.8884× 10−4 N/V
Cp – capacitance 3.23× 10−9 F
Rl – load resistances 2.8 kΩ, 8.87 kΩ, 28 kΩ, 88.7 kΩ,
280 kΩ, 887 kΩ, 2.74 MΩ, 8.87 MΩ, 30 MΩ
From Figure 2.9b, we can see that as the load resistance increases, so does the corre-
sponding voltage output, harvested from the piezoelectric sensor. At exactly SC, there is
no voltage output and hence no voltage FRF can be obtained. However, it can be observed
that as load resistance moves towards higher resistance values (or towards exact OC), it
converges to a maximum value [72]. Figure 2.9c shows that the power output at each load
resistance varies for a particular frequency ranging between the fundamental SC and OC
frequencies since power is proportional to the square of voltage output from the piezoelec-
tric energy harvester. This variation is, however, not the same for all resistances and here.
Specifically, the optimal loading and respective maximum power is obtained for a load
resistance of 887 kΩ (f = 77.8 Hz).
It can be observed here that the modeled voltage and power FRFs present a good match
with the experimental data and therefore, parameters estimated here are acceptable and
good to use with the complete metastructure.
2.3.2 Energy Harvesting Metastructure
Following the single resonator parameter identification case, experimental results were ob-
tained for the complete metastructure for all load resistances as shown in Figure 2.6. Trans-
missibility and power FRFs were plotted for each resistance value and optimal loading was
identified. It was then compared with the modeled system as described in previous sec-
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tion using the individual harvester parameters in Table 2.1 and the main (primary) beam
parameters summarized in Table 2.2 . For the sake of brevity, model and experimental
data comparison has only been shown for a load resistance of 88.7 kΩ, which yielded the
maximum power output among all load resistances that were tested. The experimental and




Figure 2.10: (a) Transmissibility comparison versus frequency. (b) Percentange power
contribution comparison as a function of harvester index. (c) Power output comparison
of each harvester. (d) Percentage power contribution comparison versus frequency. All
comparison between experimental and model data has been done at Rl = 88.7 kΩ.
Figure 2.10 shows that the model matches well with the experimental data. The tip
transmissibility in Figure 2.10a shows that a locally resonant bandgap was created in the
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system. The discrepancy seen in the graphs is as expected since the model does not take
into account physical constraints and various imperfections that would break periodicity,
especially when the beam tip displacement and power output are highly sensitive to the
excitation frequencies. It can also be added that the focus of this research was towards
the bandgap than matching individual modes where they were assumed to have the same
damping ratio. The model, therefore, is experimentally verified and thus the use of en-
ergy harvesting circuitry with resonators can lead to useful power generation capabilities
alongside its vibration attenuation properties for the locally resonant metastructure. Mul-
tiple comparisons of experimental and model systems have also shown that even though
maximum power can be extracted at optimal loads, the bandgap largely remains insensitive
to this loading and henceforth the structure can still be utilized for its attenuating charac-
teristics. This is an important conclusion since it allows for development of metastructures
with integrated energy harvesting capabilities which corresponds to an increase in their
multifunctionality. This could be used in small sensors and devices requiring little power
in such multifunctional applications where vibration suppression and energy harvesting are
of combined interest.
For the individual power contribution by each harvester, it can be seen in Figure 2.10c
that the harvester closest to the base contributes the most. Hence the harvester nearest to the
area of excitation outperforms others in terms of useful power generation. Therefore, the
analysis confirms that inside the locally resonant bandgap, most of the vibrational energy
is concentrated near the base of the beam (and the corresponding useful energy harvested)
and gradually decreases as we move towards the tip. Furthermore, this power output is
concentrated and maximum right at the start of the bandgap.
To verify these experimental results, a modeled system was plotted against the experi-
mental data. Some important assumptions in this case were as follows:
• It was assumed that all resonators along with the corresponding spring steel were
identical in nature having the same parameters
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• A modal damping ζr = 0.01 was used for all vibrational modes and assumed to be
the same for each one
• A target frequency ratio of 77.8 Hz was used towards the complete beam obtained
from the single resonator experiment
A complete parameter list for the complete beam model can be seen in Table 2.2.
Table 2.2: Parameters used for the modeled system.
m – resonator tip mass 0.0036 kg
c – mechanical damping coefficient 0.0525 N/m/s
k – spring steel stiffness 853.63 N/m
θ – electromechanical coupling -1.8884× 10−4 N/V
Cp – capacitance 3.23× 10−9 F
Rl – load resistances 2.8 kΩ, 8.87 kΩ, 28 kΩ, 88.7 kΩ,
280 kΩ, 887 kΩ, 2.74 MΩ, 8.87 MΩ, 30 MΩ
E – Young’s modulus 70× 109 Pa
w – width of the beam 0.0254 m
h – thickness of the beam 1.49× 10−3 m
ρ – density 2700 kg/m3
L – length of beam 0.9144 m
mb – mass per length of beam 0.0985 kg/m
mc – mass of clamps 0.0017 kg
ω1 – fundamental frequency 9.236 rad/s
2.4 Conclusion
Vibrational energy exists around us which can be undesired but useful in some cases. There
is interest in not only attenuating the corresponding vibration but also utilizing the energy
for our own benefit. This is currently a growing field and warrants a great amount of
in-depth understanding to achieve the described goals. So far multiple ways have been
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developed to simultaneously work towards these. This chapter tries to bridge these bene-
fits by using piezoelectric sensors on LR metastructures to harness low-power output. A
modal analysis of the described system is presented which reviews the governing empiri-
cal relations for the said objectives. Numerical analysis is then performed on the system
to obtain simulated transmissibility and power output responses over a range of frequen-
cies at various load resistances. Optimal loading is then identified and power output at
this loading is plotted as a function of harvester index to observe the trend. Furthermore,
a single harvester is isolated in order to estimate the beam parameters which were then
utilized to perform experimental verification of the complete beam. It can be said from
the analysis that indeed most of the vibrational energy is localized near the base of the
beam and maximum power output can be obtained immediately before the bandgap at the
specified target frequency ratio after validation of the bandgap for the defined number of
resonators. Moreover, as we move further away from the harvester nearest to the area of
excitation, the corresponding power output decreases. The following chapter discusses an
electromechanical metastructure to verify its attenuation and harvesting capabilities.
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CHAPTER 3
LINEAR ELECTROMECHANICAL LOCALLY RESONANT PIEZOELECTRIC
ENERGY HARVESTING METASTRUCTURE
In comparison to mechanical metastructure beams, electromechanical LR metastructures
make use of shunt impedance as resonators in order to simultaneously attenuate vibrations
and allow for harvesting useful power. This is more agile than its mechanical counterpart
because of the added flexibility of tuning the bandgap to the desired frequency in addition
to providing ease of access in design. This chapter is centered on the aforementioned
electromechanical metastructure characteristics.
3.1 Electromechanical Energy Harvesting Metastructure
3.1.1 Electromechanical Model
Consider a piezoelectric bimorph beam as shown in Figure 3.1 with continuous and sym-
metric segmented electrodes between its left (x = xLj ) and right (x = x
R
j ) positions sand-
wiching a central substrate, which can be seen in the schematic. Following the analysis
performed by Sugino et al. [26, 69], the governing electromechanical equations under
transverse force per unit length (f(x, t)) for linear bending vibrations of the beam and













[H(x− xLj )−H(x− xRj )] = f(x, t) (3.1)





dx = 0, j = 1...S (3.2)
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where j = 1...S are the number of electrodes, w(x, t) is the transverse displacement of
the beam, vj(t) is the voltage across the jth pair of electrodes, m is the mass of the seg-
mented electrode, θ is the electromechanical coupling, Yj and Cp,j are the admittance and
piezoelectric capacitance of the jth shunt circuit respectively, and H(x) is the Heaviside
function. Assuming no damping in the beam at this point (modal damping can always be









































Here, b is the width of the beam, ρp, hp and be are the mass density, thickness and width
of the piezoelectric layer respectively; c̄E11, ē31 and ε̄
S
33 are the reduced 1D effective prop-
erties defined as elastic modulus at constant electric field, stress constant and permittivity













where sE11 is the elastic compliance at constant electric field, d31 is the piezoelectric strain
constant and ε̄T33 is the permittivity component at constant strain.


























Figure 3.1: (a) Electromechanical locally resonant energy harvesting metastructure con-
taining piezoelectric bimorph with segmented electrodes. Inductors shunted to each pair
of electrodes serve as electromechanical resonators, and resistors are placed in parallel to
provide energy harvesting capability. (b) Schematic diagram of the metastructure under






where N is the number of modes, φr is the rth mode shape and ηr is the corresponding
modal weighing. These mode shapes satisfy the orthogonality conditions given by:
∫ L
0







2δrs, r, s = 1, 2, ... (3.10)
Here L is the length of the beam, ωr is the natural frequency of the plain structure at the rth
mode shape and δrs is the Kronecker delta. By substituting Equation 3.8 into Equation 3.1,
multiplying by mode shape φk(x), integrating across the beam, we get the following gov-








r,j = qr(t) (3.11)
29
Cp,j v̇j(t) + Yj[vj(t)] + θ
N∑
r=1
∆φ′r,j η̇r(t) = 0 (3.12)
and ∆φ′r,j is the slope of the rth mode between the ends of the jth electrode and qr(t) is

















Taking Laplace transform of Equation 3.11 and Equation 3.12, we obtain the following two
equations governing modal weighing and voltages:












∆xjHk(s) = Qr(s) (3.14)








∆φ′r,kVk(s) = Qj(s) (3.15)
where α is a dimensionless parameter related to electromechanical coupling and h(s) is the












Assuming a large number of unit cells such that an electrode pair becomes infinitesimal





























Hence, incorporating modal damping ζr in Equation 3.14, response of the rth mode shape
30
can be written as:
Hr(s) =
Qr(s)





For the purpose of this chapter, synthetic impedance shunt circuits are used to obtain nu-
merical and experimental results utilizing the equations derived. This circuit acts as a
voltage-controlled current source where the shunt circuit impedance can be tuned via dig-
ital filtering. A bandgap is expected around the target frequency ωt/(2π) [73] and the
corresponding power output is explored in this bandgap neighborhood.
3.2 Numerical Results
In order to numerically analyze the electromechanical model in Figure 3.1, we consider
an aluminum beam with dimensions 16.8 cm× 2.1 cm× 0.5 mm clamped at one end con-
taining 8 pairs of piezoelectric patches. The shim has a density of 2700 kg/m3 and an
elastic modulus of 68.9 Pa. PZT-5A piezoelectric unit cells are used for numerical anal-
ysis with properties c̄E11 = 61× 109 Pa, ē31 = −12.3 C/m2, ε̄S33 = 13.3× 10−9 F/m and
ρp = 7750 kg/m
3. The first piezoelectric element pair nearest to the clamped end of the
beam is used as an actuator whereas the remaining seven pairs are shunted to circuits for
simultaneous bandgap formation and energy harvesting. We assume that each shunt circuit









where τ = RCp,j is the circuit time constant and ωt is the resonant
frequency of the shunt circuit. For large values of τ , the circuit behaves as a purely in-
ductive system, which has been previously discussed in [69]. On the other hand, for small
values of τ , the inductor is short-circuited by the resistor.
For given values of τ and ωt, the beam response and voltage output can be calculated
using Equation 3.14 and Equation 3.15. The voltage output can then be used to calculate
the real power produced by each piezoelectric unit cell, i.e. Pj(s) = |Vj(s)|2/R, where
R is the parallel resistance of the shunt circuit. Here, we use a fixed target frequency of
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ωt/(2π) = 780 Hz and vary the value of τ to quantify the power output of the system and
the optimal resistive loading conditions.
Figure 3.2 displays the total power output of the beam under voltage excitation (actu-
ation) from the first piezoelectric element at different excitation frequencies and values of
τ . It can be seen here that the maximum power of the beam is concentrated near the target
frequency immediately before the bandgap. However, it can be observed that as we move
further away from the bandgap towards short-circuit conditions, there comes an optimal
loading τopt where maximum power output can be achieved. This optimal loading is shown
by the dashed line in the respective Figure.
Figure 3.2: Optimal total power output of the electromechanical metastructure as a function
of time constant and excitation frequency.
Figure 3.3 shows the beam tip displacement as a function of excitation frequencies and
τ . As previously discussed, it can be observed that for large values of τ , the circuit is purely
inductive, resulting in a locally resonant bandgap below 780 Hz. However, as the resistance
of the circuit is decreased (i.e., as τ is decreased), the width of the bandgap decreases until
at one point it vanishes completely. Decreasing this value further fails to obtain the desired
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Figure 3.3: Beam tip response for the electromechanical metastructure versus time constant
and excitation frequency at the targeted frequency of 780 Hz.
reduction in vibration as the system approaches short-circuit conditions. As a result, there is
a trade-off between power output and vibration attenuation, as the bandgap appears only for
very large values of τ . To demonstrate this, the displacement of the beam is plotted against
frequency for various values of τ in Figure 3.4. It can be seen here that for the maximum
value of τ , we obtain a bandgap which disappears as we transition towards lower values
i.e. SC conditions.
Power output from the beam and the corresponding beam displacement at optimal value
of τ is shown in Figure 3.5 which highlights that at the targeted frequency of 780 Hz,
the beam outputs the maximum power (Figure 3.5a) while concurrently also allows for
vibration mitigation (Figure 3.5b) at the desired mode. This points at the ideal loading
conditions where both attenuation and maximum power output can be achieved together.
In order to understand which piezoelectric unit cells are responsible for generating the
most power in the metamaterial beam, we can observe the individual power output for each
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Figure 3.4: Beam tip response versus excitation frequency at different load values.
(a) (b)
Figure 3.5: (a) Optimal total power output of the electromechanical beam at target fre-
quency of 780 Hz. (b) Beam tip displacement at optimal time constant for the same target
frequency.
electromechanical harvester at optimal loading conditions. It can be seen in Figure 3.6a
that, as expected, the piezoelectric element nearest to the actuating piezoelectric element
outputs the maximum power, and this output reduces as we move towards the tip of the
beam. Moreover, each individual piezoelectric patch has the maximum power output im-
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mediately before the bandgap at the targeted frequency. Figure 3.6b displays the corre-
sponding percentage optimal power as a function of harvester index. This clearly shows
the contribution of each harvester towards the total power extracted from the beam, and it
can be observed that the first two harvesters are responsible for 77% and 22% of the total
power output.
(a) (b)
Figure 3.6: (a) Individual power output of each piezoelectric unit cell at target frequency
of 780 Hz. (b) Percentage total power contribution as a function of harvester index.
For the verification of these numerical results, experiments were performed on the beam
utilizing the same target frequency ratio to observe the obtained trends experimentally.
3.3 Experimental Results
The experimental setup in Figure 3.7 consists of a main 2024 aluminum beam with 8 pairs
of symmetrically bonded PZT-5A patches with dimensions 2.1 cm × 2.1 cm × 0.5 mm
bonded to the main 2024 aluminum beam via an epoxy. Each piezoelectric element is sep-
arated by 0.5 mm to minimize the discrepancy in stiffness between bonded and unbonded
areas of the underlying shim. The piezoelectric layers are poled in the same direction
through the thickness for parallel-wire operation, and the opposing electrodes are electri-
cally connected. Parallel connection with the shunt circuit is made by properly insulating
the central connection and combining the respective electrodes using conductive copper
35
tape. The piezoelectric element closest to the clamped base is used for beam excitation
via voltage actuation, whereas the remaining 7 pairs of piezoelectric unit cells are used
for concurrent vibration attenuation and power generation. These piezoelectric elements
are shunted to synthetic impedance circuits, which simulate the circuit characteristics of
a parallel resistor-inductor (RL) circuit using a voltage-controlled current source and dig-
ital controller. The circuits are implemented on a single printed circuit board (PCB) and
connected to a controller operating on a NI PXIe-7846R with sample rate 400 kHz. This
setup allows digital variation in the inductance and resistance of the shunt circuits to study
their effects on the electromechanical LR metastructure. The tip velocity of the beam is
measured using a laser Doppler vibrometer (LDV), while the input voltage and the output
voltage across each shunted piezoelectric unit cell are recorded simultaneously using the
LDV’s data acquisition system. The measured capacitance of each shunted piezoelectric
segment on the beam is summarized in Table 3.1.
Table 3.1: Capacitance for each piezoelectric patch.








The synthetic impedance circuit in the setup requires a bias resistance Rb = 1 MΩ in
parallel to each shunt to pass direct bias current (DC) from the op-amp inputs. Utilizing















1 Exciter piezo patch
2 Piezoelectric unit cell
3 Central substrate




Figure 3.7: Experimental setup for the electromechanical LR metastructure.









The effective resistance of each shunt is slightly different due to variation in the piezoelec-
tric capacitance Cp,j , since the target frequency ωt and time constant τ are kept constant
for each shunt. This effective resistance is used in combination with the measured voltage
Vj(ω) across each shunted piezoelectric unit cell to calculate the power produced by the
metastructure, i.e. |Pj(ω)| = |Vj(ω)|2/Rj . For the experimental results presented here, we
use a fixed target frequency of ωt/(2π) = 780 Hz and vary the resistance of the circuit by
varying the time constant τ .
Figure 3.8a shows the tip velocity FRF versus time constant and excitation frequency.
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(a) (b)
Figure 3.8: (a) Beam tip response for the electromechanical metastructure versus time
constant τ and excitation frequency. (b) Beam tip response versus frequency for varying τ .
Under voltage excitation, it can be seen that varying the resistance in the shunt circuit
changes the LR bandgap. At Rp →∞ (open-circuit), the electromechanical metastructure
shows the maximum attenuation with a deeper and wider bandgap. On the other hand,
as Rp → 0 (short-circuit) the bandgap becomes smaller until it vanishes completely and
brings back the original targeted vibration mode. Figure 3.8b shows this more clearly
where changes in load resistance directly affects the depth and width of the bandgap, as
also portrayed during the numerical analysis.
Total power output from the complete metastructure can be seen in Figure 3.9. At each
frequency of excitation, optimal load τ that gives the maximum power output is plotted rep-
resented by the dashed line. It can be observed from the figure that as we sweep across load
resistances from OC to SC conditions, the corresponding power output around the bandgap
neighborhood increases until it reaches a maximum at lower values of τ . Figure 3.8 and
Figure 3.9 show that midway between OC and SC conditions, there arises an optimal point
where both vibration attenuation and useful power output can be utilized simultaneously
since they have opposing trends, similar to what was observed during numerical analysis.
The sudden peaks in optimal loading are due to the discretized experimental data especially
immediately before each vibration mode.
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Figure 3.9: Total power output of the complete beam versus time constant and excitation
frequency.
The power output of each shunted piezoelectric element is shown in Figure 3.10 as a
function of time constant and excitation frequencies. It shows that, for each piezoelectric
patch, if we move from the OC conditions towards the SC conditions, power output at the
target frequency immediately before the bandgap increases until it arrives at a maximum.
As we move along the beam from the actuator piezoelectric segment towards the beam tip,
the power output from each element decreases. Thus the maximum power from the beam
can be harvested from the first few piezoelectric element pairs with the first and the second
harvester responsible for 87% and 11% of the total power output respectively, as shown in
Figure 3.11.
Furthermore, the attenuation properties of the beam decrease in the same direction with
an increase in power output as analyzed via numerical and experimental analysis. Hence
there is a trade-off between the maximum power output and the attenuation capability of
the metastructure. Therefore, at an optimal time constant, useful power can be extracted
from each piezoelectric unit cell while simultaneous utilization can be made of the vibration
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Figure 3.10: Individual power output of each piezoelectric element versus time constant
and excitation frequency.
Figure 3.11: Percentage power contribution of each harvester at optimal loading.
attenuation characteristics of the locally resonant electromechanical beam. In addition, the
electromechanical metastructure does not require mass additions since the inductors act
as resonators. This means that these can be utilized with minimal alterations since the
shunt circuitry is always present, and therefore, provides more flexibility towards targeting
a variety of vibrational modes and harvesting the desired power.
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3.4 Conclusion
Electromechanical locally resonant metastructures make use of synthetic impedance cir-
cuits to quantify the electrical voltage outputs and convert them to useful power, but unlike
mechanical metastructures, they make use of shunt circuitry to control impedance which
is responsible for bandgap formation in such structures. This chapter focuses on numeri-
cally and experimentally analyzing the bandgap formation using synthetic shunt circuitry.
It evaluates on a framework used to obtain numerical simulations. These simulations show
that bandgap in an electromechanical LR metastructure varies with change in resistive load-
ing i.e. τ . A decrease in τ from OC to SC characteristics also reduces the depth and width
of the bandgap until it fades away. Simultaneously, an opposing trend can be observed
in useful power output where a transition towards SC conditions allow for an increase in
power. This analysis displays the existence of an optimal value of shunt loading where
both vibration reduction and power harvesting can occur at the same time. This gives rise
to a trade-off between vibration attenuation and useful power generation, where both can
be targeted at optimal loading only. The same numerical analysis is then verified in the
chapter through detailed experimentation. Conventional mechanical resonators make use
of the resonance frequency of physical absorbers for bandgap formation and corresponding
vibration mitigation which restricts them to a specific target frequency. Their electrome-
chanical counterpart does not only give flexibility of tuning the bandgap, since it depends
on the impedance, but also eliminates the requirement of mass addition to the structure.
Furthermore, it also allows for greater design flexibility as bandgap can be tuned accord-
ing to the impedance of the synthetic shunt circuit. Next chapter is aimed towards more
non-linear locally resonant metastructures to study the inter dependence of their vibration
attenuation and harvesting characteristics as compared to completely linear ones.
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CHAPTER 4
NONLINEAR PIEZOELECTRIC ENERGY HARVESTING METASTRUCTURE
WITH BISTABLE ATTACHMENTS
So far linear metamaterial beams have been discussed with focus on both mechanical and
electromechanical type resonators. This chapter extends the discussion from linear to non-
linear domain detailing the vibration attenuation and energy harvesting capabilities in non-
linear metastructures coupled to bistable attachments, with their tendency to provide sub-
harmonic, superharmonic and chaotic resonance behaviors due to the transient dynamics
under a variation of input acceleration levels and corresponding load resistances.
4.1 Nonlinear Energy Harvesting Metastructure
4.1.1 Nonlinear Metastructure Model
The system under consideration consists of a cantilever beam under transverse vibration
with S resonators as can be seen in Figure 4.1. The formulation follows the analysis done
by Xia et al. [63] and introduces piezoelectric coupling to it in order to harvest energy
from the bistable attachments. The main beam is clamped at one end and free to vibrate
at the other end. It has a length of L, width of b, thickness of h, Young’s modulus of E,
and density of ρ. Each resonator is connected to the beam through a nonlinear spring with
linear stiffness ka1 and cubic stiffness ka3. The total transverse displacement, wt(x, t), of
the jth point on the cantilever beam under base excitation is defined as:
wt(x, t) = w(x, t) + wb(t) (4.1)
where wb(t) is the base displacement and w(x, t) is the relative displacement of the beam







































Figure 4.1: (a) Nonlinear locally resonant metastructure model with bistable cantilever
attachments alongside one unit cell. (b) Schematic representation of the nonlinear energy
harvesting metastructure with double-well potential of the jth bistable attachment.
For the purpose of this derivation, we will assume the system to be undamped with the
knowledge that modal damping can always be introduced later. The governing equation of


































, j = 1...S (4.3)
Cp,j v̇j + Yj[vj] + ϑu̇j = 0, j = 1...S (4.4)
where waj(t) is the relative displacement of the jth resonator with respect to w(xj, t), xj
is the location of the jth resonator, m = ρbh is the mass per length of the beam, mj is
the mass of the jth resonator, ϑj ,Cp,j , and Yj are the electromechanical coupling, effective
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piezoelectric capacitance, and admittance operator of the shunt circuit on the jth resonator.
The boundary conditions of the clamped-free beam are:











Even though the mode shapes of a clamped-free beam are not the exact mode shapes of the
whole system because the force exerted by the resonators depends on the displacement of
the beam, an expansion using the mode shapes of the clamped-free beam, φ(x), can provide





where N is the number of modes in the expansion, and ηr(t) is the modal weighting of the





























, r = 1...N (4.8)
where λr is the rth positive real solution of the characteristic equation:
cosλ coshλ+ 1 = 0 (4.9)

















δ(x− xj) = −mẅb(t) (4.10)
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Multiplying Equation 4.10 by φs(x), integrating from x = 0 to x = L, and applying the
























aj(t)− ϑjvj = −mjẅb(t), j = 1...S (4.12)
In order to make the governing equations coupled through inertial terms only, we can


























Equation 4.12, Equation 4.13 and Equation 4.4 form a system of N + 2S coupled second
order ordinary differential equations. The system can be put into the matrix form as below:
Mü + Cu̇ + Ku + Gu3 = F(t), (4.15)
Rest of the procedure is similar to the analysis done by Xia et al. [63] in order to solve this
matrix further to get the desired system of equations. These are utilized in the next section
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in order to obtain numerical simulations for the aforementioned system model.
4.2 Numerical Results
This section focuses on numerical analysis of the system described in Figure 4.1. It ex-
plores the broadband dynamic behavior of nonlinear bistable resonators by analyzing their
effect on transmissibility and power output of the individual harvesters, and the beam as
a whole. Parameters used for this analysis are based on the practical experimental setup
described in the next section, and adjusted accordingly. These can be seen in Table 4.1.
The analysis here targets the second vibration mode [63] (15.9 Hz) of the clamped-free
cantilever beam with additional masses, at a target frequency of wt/(2π) = 17 Hz. Ad-
justed thickness and density values are used for numerical investigation since it accounts
for the variation in experimental setup pertaining to extrusion of holes, slots, added masses,
etc. This is a relatively reasonable approach due to long wavelength around the target fre-
quency compared to dimensions of such components. Modal damping is incorporated in
both the beam and the bistable resonators (Equation 4.12 and Equation 4.13), as mentioned
in Table 4.1. Some important assumptions made for the analysis are as follows:
• The mass of each resonator is assumed to be the same throughout the beam.
• All springs used in the model have the same stiffness.
• Modal damping for all bistable attachments is assumed to be identical.
As nonlinear system responses are dependent upon acceleration levels of the base ex-
citation, the system under consideration was studied numerically under three cases of base
acceleration: 0.05g, 0.1g and 0.15g (RMS values) where g denotes gravitational accelera-
tion. Up and down frequency sweeps were performed over the frequency range of 10 Hz-
24 Hz for the respective FRF simulations. All the bistable attachments are assumed to start
from positive equilibrium position while the beam starts to move from rest.
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Table 4.1: Beam parameters for the nonlinear metastructure.
Length of the beam (L) 0.889 m
Width of the beam (b) 0.031 75 m
Thickness of the beam (h) 0.003 175 m
Spring steel cantilever length (la) 0.0406 m
Spring steel cantilever width (ba) 0.009 525 m
Spring steel cantilever thickness (ha) 0.000 254 m
Dimensions of cube shaped magnets (l × b× h) 0.009 525 m
Adjusted beam thickness (ha) 0.0026 m
Young’s modulus (E) 69× 109 Pa
Density (ρ) 2700 kg/m3
Adjusted density (ρa) 2970 kg/m3
Tip mass (mr) 0.0036 kg
Bistable equilibrium positions (wa) ±0.75 cm
Spring linear stiffness (ka1) -63.451 N/m
Spring cubic stiffness (ka3) 634 509 N/m3
Modal damping ratio of the beam (ζb) 0.002
Damping ratio of the attachments (ζa) 0.02
Number of modes (N ) 10
Number of unit cells (S) 7
Load resistances (Rl) 887 kΩ, 2.74 MΩ, 8.87 MΩ
The simulated transmissibility response for the beam is shown in Figure 4.2 for various
excitation levels and load resistances with the linear bandgap as a reference, for both up and
down frequency sweeps. It can be observed that for lower values of acceleration, bistable
attachments oscillate around their initial equilibrium positions at their natural resonant fre-
quency. This is associated with the linear\quasilinear behavior of the attachments which is
similar to the conventional linear behavior of the beam. A typical LR bandgap can be seen
where the targeted mode is attenuated while additional resonances appear on either side of




Figure 4.2: Simulated frequency response for the transmissibility of the beam under various
base excitation levels: (a) Up sweep. (b) Down sweep.
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bistable attachments due to which, broadband attenuation can be observed. At the chaotic
frequency region of 12.1 Hz, gradual mitigation of the vibration mode can be noticed i.e.
enhanced attenuation due to a broader bandwidth. As can be seen for both up and down
sweeps, the bandgap becomes less deep but wider with an increase in acceleration level.
This behavior can be observed for all load resistances.
In order to observe the power output behavior from each piezoelectric unit cell at vari-
ous acceleration levels, Figure 4.3 displays the respected power generated for both up and
down sweeps at load resistance of 2.74 MΩ. For the sake of convenience and brevity, results
for only one load resistance is shown here. Similar to the linear beam with resonator case, a
decreasing trend can be observed at the target frequency of 17 Hz as we move from the first
piezoelectric unit cell towards the last one where the first harvester outputs the maximum
power. If we look at the lowest acceleration level of 0.05g, the power output behavior is
similar to the linear case at the target frequency. However with increasing acceleration lev-
els, as interwell oscillations start to take place, wideband chaotic behavior initiates which
allows for useful power generation at a wider range of frequencies than its linear counter-
part. Furthermore, this oscillatory action also helps in harvesting useful power from the
chaotic region at 12.1 Hz where the range of frequencies for power harnessing is broader in
comparison to power output from attachments at lower acceleration values. Observing the
different harvesters, it can be seen that even though power output at the target frequency
neighborhood is minimal for the 7th piezoelectric element, it can still output useful power
at the chaotic frequency region. This can be said for other unit cells as well where useful
power generation in the chaotic neighborhood does not follow the conventional decreasing
trend as we move across the fixed to free end of the beam. Hence, this behavior associated
with bistable energy harvesting attachments provides an advantage over orthodox beams
with linear resonators. The same reaction can be observed at load values of 887 kΩ and
8.87 MΩ, where most of the power can be harnessed from optimal loading of 2.74 MΩ.




Figure 4.3: Simulated individual power output from each harvester at various acceleration
levels at R = 2.74MΩ and ωt/(2π) = 17 Hz: (a) Up sweep. (b) Down sweep.
tion levels for both up and down sweeps. It can be observed that at the target frequency of




Figure 4.4: Simulated total power output of the complete nonlinear metastructure around
the bandgap neighborhood displayed by the grey region: (a) Up sweep. (b) Down sweep.
51
acceleration levels to higher ones. However, the chaotic wideband oscillations allow for an
enhanced frequency range from where power can be harvested around the bandgap. Inter-
estingly, maximum total power can be harnessed at chaotic frequency of 12.1 Hz where the
highest acceleration level of 0.15g provides a much broader range of frequencies to harvest
power from the beam, in comparison to other excitation levels. Therefore, even though
an increase in base excitation amplitude widens the bandgap and provides transmissibility
suppression for neighboring vibration modes as well, it simultaneously brings forth an op-
portunity to harvest power from neighboring chaotic frequency ranges, unlike linear beams.
This can be observed for all load values.
Percentage power contribution in Figure 4.5 shows that for different excitation lev-
els, the first few harvesters output the maximum power. The first two piezoelectric unit
cells are responsible for 84% and 14% of the total power output for the linear case. Per-
centage power contribution for the first harvester decreases with an increase in excitation
levels. However, the contributions from the other unit cells increase due to a wider range
of frequencies where power can be harnessed under chaotic wideband behavior of bistable
oscillators for example, for R = 2.74 MΩ at 0.15g, 53%, 32% and 12% of the total power
is generated by the first three resonators respectively. Therefore, in comparison to the
linear case, useful power output can be generated and utilized up until the third unit cell
where total power contribution is spread out among the first few resonators, and similar
trend can be seen for all load values. Hence, interwell oscillations of the bistable nonlinear
resonators not only allow for enhanced vibration attenuation but also provide an increased
range of frequencies for power generation. This behavior is experimentally verified in the
next section for the same acceleration levels and beam parameters.
4.3 Experimental Results
The experimental setup consists of a main central aluminum beam structure with 7 small




Figure 4.5: Percentage power contribution for the simulations as a function of harvester
index at different excitation levels: (a) Up sweep. (b) Down sweep.
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ther has a pair of 9.525 mm × 9.525 mm permanent magnets fixed at the end via a bolt,
which remains perpendicular to the direction of magnetization. Another pair of the same
permanent magnets identical in dimensions to the previous one is fixed on the main beam
in a slot at a distance of 17 mm measured from the edge of the previous magnets. These
help in obtaining the bistable equilibrium positions for the magnetoelastic cantilever beam
attachments. An APS-400 shaker is used to excite the main structure (via base excitation)
at 3 different acceleration levels which is clamped to the armature of the shaker. This ac-
celeration is measured using an accelerometer fixed at the base of the beam. A controller is
used to ensure harmonic base acceleration at constant amplitudes and specified frequencies.
These frequencies are swept up and down from 10 Hz to 24 Hz at a rate of 0.25 Hz/min.
Due to practical constraints, 9.525 mm× 9.525 mm piezoelectric patches are placed at the
center of each cantilever attachment, instead of at the base, connected to electrical loads
in order to quantify voltage output from these bistable unit cells. At the base of each can-
tilever spring steel, strain becomes large enough which starts to crack the piezoelectric unit
cells; or the vibrations in the chaotic region cause the wires to break off. Resistance sweep
is performed at a particular value of acceleration for 3 different load resistances. A Polytec
OFV-505 LDV is used to measure the tip velocity of the beam. Beam parameters can be
seen in Table 4.1.
The bistable attachments consist of potential wells which can be tweaked by chang-
ing the distance (d) between magnets on the beam, and on the spring steel cantilever. For
the purpose of this experiment, d = 17 mm is used which provides a post-buckled natural
frequency of 17 Hz in order to target the second mode of the beam. All the bistable at-
tachments start from their positive equilibrium positions while the beam is at rest. A linear
experiment is performed initially with the attachments to act as a reference. Experiments
are conducted afterwards for 3 different base excitation levels identical to the ones used in
numerical simulations.














7 Data acquisition device
2
Figure 4.6: Experimental setup consisting
of the main beam with seven bistable at-
tachments connected to electrical loads
Figure 4.7: Side view of a single bistable
unit cell
base acceleration, for different excitation levels. In comparison to Figure 4.2, it can be
observed that the experimental results agree well with the numerically simulated data. At
lower values of acceleration i.e. 0.05g, the bistable attachments remain in their potential
wells to maintain their respective stable equilibrium positions. Hence the vibration is linear
or quasilinear like the conventional LR bandgap obtained from linear metastuctures. Ad-
ditional resonances appear on either side of the attenuated mode and a bandgap is formed.
Higher g values of acceleration effect the width and depth of the attenuation band due to
nonlinear wideband attenuation. The chaotic motion of the bistable attachments between
its equilibrium positions causes this enhanced frequency attenuation. It can be seen that,




Figure 4.8: Experimental FRF response for the transmissibility of the beam under various
base excitation levels: (a) Up sweep. (b) Down sweep.
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R = 2.74 MΩ at 0.15g, a 116.67% increase can be observed in attenuation frequency range
as compared to the linear case. Similarly the depth of the attenuation band decreased by
21.67%. This is a direct effect of the attachments’ nonlinear dynamics and also caters to
additional modes for attenuation. Similar trend can be seen for all load resistances.
Individual power output for each piezoelectric unit cell can be seen in Figure 4.9.
Again, for ease of comparison, only loading resistance of R = 2.74 MΩ is shown here.
Just like in the simulations, maximum power output at the target frequency of 17 Hz is ob-
tained from the first piezoelectric element which decreases as we move towards the last one.
Additionally, at this frequency, the power output decreases with an increase in acceleration
level. However, unlike the linear case, the increase in base excitation allows for chaotic
regions, for example, around 12.25 Hz in this case due to the interwell oscillatory nature
of bistable attachments. As can be seen in the figure, this provides an enhanced frequency
range from where power can be harnessed and includes the chaotic frequency range. For
each piezoelectric unit cell, even though the power output at the target frequency decreases,
it can still be harvested from the chaotic region. Therefore, all of the piezoelectric elements
can be utilized to harness useful power around the chaotic frequency. This result agrees
with the numerical analysis from the previous section and displays the same tendency for
other load values.
The total power output from the complete metastructure can be seen in Figure 4.10 for
different g values. For all load resistances, it can be observed that the total power generated
by the complete metastructure around the bandgap neighborhood is maximum for the lin-
ear case and decreases with an increase in acceleration level, which is as expected from the
simulations. After initiation of nonlinear chaotic oscillations of bistable resonators, broad-
band attenuation takes place which enhances the frequency range from where power can
be harnessed. Around the chaotic frequency of 12.25 Hz, it can be seen that for an increase
in base excitation, the range of frequency increases. This allows for maximum total power




Figure 4.9: Experimentally obtained individual power output from each harvester at various
acceleration levels at R = 2.74MΩ and ωt/(2π) = 17 Hz: (a) Up sweep. (b) Down sweep.





Figure 4.10: Experimentally obtained total power output of the complete nonlinear metas-





Figure 4.11: Percentage power contribution for the experiment as a function of harvester
index at different excitation levels: (a) Up sweep. (b) Down sweep.
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Each bistable harvester’s contribution to total power can be seen as a percentage in
Figure 4.11 at all load values for different excitation levels. As established in the previous
section, the first harvester contributes most towards the total power and this decreases with
increasing excitation (for R = 2.74 MΩ, 88% for linear case and 72% at 0.15g). However,
moving towards the end of the beam, an increase in power output can be seen in other unit
cells due to the broadband characteristic of bistable attachments. This trend increases with
increasing g levels for example, for R = 2.74 MΩ at 0.15g, second piezoelectric segment
accounts for the maximum power contribution with 24% as compared to other cases for
the same unit cell with minimum being 9% for the linear case. This is because of the
nonlinear wideband characteristic of the resonators which spreads out the useful power
output between piezoelectric elements due to an enhanced frequency range.
Overall, the experimental results verify the numerical simulations nicely with some dis-
crepancies. These can be attributed to the fact that, first, the numerical model was devoid of
the extrusions present in the actual beam and assumed it to be uniform. Secondly, stiffness
for the springs were calculated using bistable equilibrium positions and post-buckled linear
natural frequency of the attachments which made them rather simplified. Variation in the
manual adjustment of magnets is also a case for slight difference in natural frequencies of
the attachments. Adding to that, the asymmetry in clamping hardware directly corresponds
to slightly asymmetric potential wells which invoke the inevitable quadratic nonlinearity,
the effects of which can be studied in research like that done by He [74], Wang et al. [75],
etc. Furthermore, the electromechanical coupling term was not fine tuned which caters to
the small differences between numerical and experimental data.
4.4 Conclusion
The nonlinear metastructure brings forth opportunities to enable vibration attenuation and
energy harvesting capabilities over a wider range of frequencies in comparison to its lin-
ear counterparts. This chapter reviews the governing equations for the nonlinear beam with
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bistable attachments followed by corresponding numerical and experimental simulations. It
shows that the bistability of attachments initiates intrawell softening and chaotic interwell
oscillations which provide broadband frequency range for the respective bandgap. This
enhanced frequency range not only widens the bandgap but also suppresses surrounding
vibrational modes thereby increasing the total attenuating region. Simultaneously, it also
allows to harvest power from these chaotic regions due to the nonlinear wideband behavior,
and this useful power output region is not affected as we move along the beam from the
clamped to free end. Furthermore, this thesis shows that these nonlinear systems are ampli-
tude dependent and hence increasing the base excitation decreases the depth but broadens
the corresponding attenuation band while also enhancing the power harvesting frequency
range. Future research can be conducted on more asymmetric bistable attachments and




Vibrational energy exists all around us which can be harmful but can also provide oppor-
tunities for low-power electricity generation via energy harvesting. To this end, research
has been conducted around the globe to not only attenuate the corresponding vibrations but
also utilize the energy for our own benefit. This is currently a growing field and warrants
a great amount of in-depth understanding to achieve the described goals. So far multiple
ways have been developed to simultaneously work towards these. Various structures have
been formed with designed properties called metastructures to research upon the benefits
of vibration while simultaneously mitigating its harmful effects. Traditional vibration ab-
sorbers have been developed and used conventionally to attenuate structural vibrations. In
addition, transducers such as piezoelectric patches have been utilized in order to extract the
usefulness from these vibrations. These piezoelectric patches convert mechanical energy
into usable electrical energy whereas resonators help to quantify these electrical voltage
outputs and convert them to useful power for low-power appliances and sensors. Utiliz-
ing this opportunity, this thesis discusses multifunctional VEH catering to locally resonant
(LR) metastructures. It starts with discussion on linear metastructures with focus on both
mechanical and electromechanical metastructures where the difference lies in the type of
resonators used to attenuate vibrations and harness power. Then the thesis moves on to
more nonlinear metastructures where bistability of resonators accounts for its attenuating
and harvesting capabilities at different load resistances. Initially an analytical framework is
reviewed to establish governing equations for all kinds of metastructures. Then it presents
numerical results followed by experimental validation of the said results to develop useful
conclusions.
In case of mechanical LR metastructures, mechanical resonators are employed to atten-
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uate vibrations around the resonant frequency of these resonators. Piezoelectric elements
are used in the resonators for energy harvesting. It can be concluded from the analysis that
most of the vibrational energy is localized near the base of the beam and maximum power
output can be obtained immediately before the bandgap at the specified target frequency
ratio after validation of the bandgap for the defined number of resonators. Moreover, as we
move further away from the harvester nearest to the area of excitation, the corresponding
power output decreases. The electromechanical case makes use of synthetic impedance cir-
cuits to attain the same result but unlike mechanical metastructures, using shunt circuitry
to provide the electrical impedance responsible for bandgap formation in such structures.
Hence, this type of metamaterial-based structure provides more advantage over conven-
tional mechanical resonators as it not only gives freedom of tuning the bandgap, since it
depends on the electrical impedance, but also eliminates the requirement of mass addition
to the structure. Furthermore, it also allows for greater design flexibility as bandgap can
be tuned according to the impedance of the synthetic shunt circuit and so can be used for
more sensitive devices. The bandgap in an electromechanical LR metastructure varies with
change in resistive loading. A decrease in the load resistance from OC to SC characteris-
tics also reduces the depth and width of the bandgap until it fades away. Simultaneously,
an opposing trend can be observed in useful power output where a transition towards SC
conditions allows for an increase in power. This thesis details the existence of an optimal
value of shunt loading where both vibration reduction and power harvesting can occur at
the same time. This gives rise to a trade-off between vibration attenuation and useful power
generation, where both can be targeted at optimal loading only.
The nonlinear metastructure with bistable attachments brings forth opportunities to ob-
tain vibration attenuation and energy harvesting capabilities over a wider range of frequen-
cies in comparison to its linear counterparts. It shows that the bistability of attachments
initiates intrawell softening and chaotic interwell oscillations which provide broadband fre-
quency range for the respective bandgap. This enhanced frequency range not only widens
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the bandgap but also suppresses surrounding vibrational modes thereby increasing the total
attenuating region. Simultaneously, it also allows for harvesting power from these chaotic
frequency regions due to the nonlinear wideband behavior, and this useful power output re-
gion is not affected as we move along the beam from the clamped to free end. Furthermore,
these nonlinear systems are amplitude dependent and hence increasing the base excitation
decreases the depth but broadens the corresponding attenuation band while also enhancing
the power harvesting frequency range. Future research can be conducted on more asymmet-
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